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Abstract

Motivated by the common Pnding that linear autoregressive models forecast bet-
ter than models that incorporate additional information, this paper presentsanalytical,
Monte Carlo, and empirical eviden® on the electivenessof combining forecasts from
nestad models. In our analytics, the unrestricted model is true, but as the samplesize
grows, the data gererating process convergesto the restricted model This approach
captures the practical reality that the predictive content of variables of interest is often
low. We derive MSE-minimizing weightsfor combining the restricted and unrestricted
forecasts. Monte Carlo and empirical analysesverify the practical electivenessof our
combination approach.
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1 Intr oducti on

Forecasta's are well aware of the soDcalledprinciple of parsimony: Osimple,parsimonious
models tend to be beg for outboPsimple forecasting...O (Diebold (1998)). Although an
emphasison parsimony may be justiped on various grounds, parameter edi mation error is
one key reason. In many practical situations, estimating additi onal parameters can raise
the forecast error variance above what might be obtained with a simple model. Such is
clearly true when the additi onal parameters have population values of zero. But the same
can apply even when the population values of the additional parameters are nonbzeo, if
the marginal explanatory power assaiated with the additional parameters is low enough.
In such cases, in bnite sanples the additional parameter edimation noise may raise the
forecag error variance more than including information from addition al variableslowersit.
For example, simulation evidencein Clark and McCracken (2006) shows that even though
the tru e model relates in3ation to the output gap, in Pnite samples a simple AR model for
inRBation will often forecag aswell as or better than the tru e model.!

As this discusson suggess, parameter estimation noisecreatesaforecast acauracy tr ade-
o!. Excluding variables that truly belongin the model could adversely alect forecas ac-
curacy. Yet including the variables could raise the forecast error variance if the associated
parametersare estimated su" ciently impredsdy. In light of such a tradeo!, combining fore-
cads from the unrestricted and restricted (or parsimonious) models could improve forecast
acauracy. Such combination could be seen as a form of shrinkage, which various studies,
sudh as Stock and Watson (2003), have found to be e! edive in forecasting.

Accordingly, this paper presents analytical, Monte Carlo, and empirical evidenceon the
e! edivenessof conmbining forecasts from neged models. Our analytics are basal on models
we characterize as OveaklyOnested: the unrestricted model is the true model, but as the
sanple size grows large the data generating process (DGP) convergesto the redricted
model. This analytic approach capturesthe practical reality that the predictive content of
some variables of interest is often quite low. Althou gh we focus the presented analysis on
nestal linear models our results could be generalized to neged nonlinear models.

Under the weak nesting spedbcation, we derive weights for combining the forecasts
from estimates of the restricted and unrestricted models that are optimal in the senseof

minimizing th e forecast mean square error (MSE). We then characterize th e settin gs under

1Clark and West (2006ap) obtain a similar result for some other applications.



which the combination forecag will be better than the restricted or unrestricted forecasts.
In the special case in which the coe" cients on the extra variablesin the unrestricted model
are of a magnitude that makes the redricted and unrestricted models equally acaurate,
the MSEPminimizing forecast is a simple, equallybweighted average of the restricted and
unredricted forecasts

In the Monte Carlo and empiri cal analysis, we show our proposed approach of combining
forecags from nesed modelsto be e! ective for improving acauracy. To ensure the practical
relevance of our results, we base our Monte Carlo experiments on DGPs calibrated to
empirical applications, and, in our empirical work, we consider a range of applications.
In the applications, our proposal combination approaches work well compared to related
alternatives consiging of Bayedanbtype egimation with priorsthat pushcertain coe" cients
toward zero and Bayesian model averaging of the redricted and unredricted models.

Our results build on much prior work on forecast combination. Research focused on
nonbnesed models ranges from the early work of Bates and Granger (1969) to recent
cortrib utions such as Stock and Watson (2003) and Elliott and Timm ermann (2004)2
Combinati on of nested model forecastshasbeen consideredonly occagonally, in such studies
as Goyal and Welch (2003) and Hendry and Clements (2004). Forecasts based on Bayesian
model averaging as applied in such studies as Wright (2003) and Jacobson and Karlsson
(2004) could also combine forecads from nested models. Of course, such Bayesan methods
of combination are predicated on model uncertainty. In contrast, our paper provides a
theoretical rationale for neded model combination in the absenceof model uncertainty.

The paper proceeds as follows. Sedion 2 provides theoretical results on the possible
gains from combination of forecasts from nested models, including the optimal combination
weight. In section 3 we present Monte Carlo evidence on the bnit e sanple electivenessof
our proposal forecast combination methods. Section 4 compares the electivenes of the
forecad methods in a range of empirical applications. Section 5 concludes Additional

theoretical details are presented in Appendix 1.

2 Theory

We begin by using a simple example to illu strate our es®ntial ideas and results. We then

proceed to the more generalcase. After detailing the necesary notation and assumptions,

2SeeTimmermann (2006) for a more complete survey of the extensive combination literature.



we provide an analytical characterization of the bias-variance tradeo!, created by weak
predictability, involved in choosing among restricted, unredricted, and combined forecasts

In light of that tradeo!, we then derive the optimal combination weights.

2.1 A simpl e example

Supposewe are intereged in forecasting y+1 using a simple model relating :+1 to a con-
stant and a strictly exogenots, scalar variable x;. Suppose however, that the predictive
content of x; for y+1 may be weak. To capture this possibility, we model the population
relationship between y;+1 and x; using local-to-zero asymptotics, such that, asthe sample
size grows large, the predictiv e content of x; shrinks to zero (assumethat, apart from the
local element, the model bts in the framework of the usual classical normal regresson mode,

with homoskedadi c errors, etc.):
Yte1 = B + ”‘%’xt + ut+1, F(xiug+r) = 0, E(ut2+1) = o2 Q)

In light of zOsveak predictive content, the forecast from an estimated model relating
yi+1 to a constart and z; (henceforth, the unresticted model) could be lessaccurate than
a forecast from a model relating y+1 to just a constart (the redricted model). Whether
that is so depends on the OsignalGand Onois®as®ciated with z; and its edimated coe"-
cient. Under the local asymptotics incorporated in the DGP (1), the signalbtobwiseratio
is proportional to 3202 /02. Given ¢2 and o2 (or 3;), higher values of the coe" ciert on z
(or the variance of z) raise the signal relative to the noise given the other parameters, a
higher resdual variance o2 increases the noise, reducing the signakto-noise ratio.

In light of the tradeo! considerations desgibed in the introduction, a combination of
the unredricted and restricted model forecads could be more accurate than either of the
individual forecasts We consider a combined forecast that puts a weight of oj on the
regricted model forecast and 1# o onthe unrestricted model forecast. We then analyti cally
determinethe weight of that yieldstheforecas with lowest expected squared error in period
t+ 1.

As we establish more formally below, the (estimated) MSEPninimizing combination

weight o is a function of the signalbtoPnoiseatio:
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where®; denotes the coe'c ient on z (8, correponds to an edimate of the local popula-
tion coe'c ient (;), #2 denotes the variance of =, and &® denotes the residual variance, all
edimated at time ¢ (for forecading at t+ 1).° As this result indicates, if the predicti ve con-
tent of z is such that the signal-to-noise ratio equak 1, then &; = .5: the MSEPminimizing

forecad is a simple averageof the restricted and unrestricted model forecasts

2.2 The general case: environment

In the generalcase the possbility of weak predictors is modeled using a sequence of linear

DGPs of the form (Assumption 1)

_ % _# ol # "2
Ytj+1 = xTiBr turjer = 27101+ 27 005 (T 7 702) + utj+r,  (3)

Extojutj+ $ Ehtj+r = Oforall j=1,..t, t=T# P+ 1, ..T,

where P denotes the number of predictions considered. Note that we allow the dependert
variable yt j+1, the predictors z1; and the error term utj+1 to depend upon 7', the bnal
forecad origin. We make this explicit in the notation to emphasize that as the overall
sanple sizeis allowed to increasein our asymptotics, this parameerization al! eds their
marginal distrib utions. While this is obvious for yr;+ it is also true for x7»; if lagged
valuesof the dependent variable are usal as predictors. As such, our analytical results are
basedupon assumptions made on the trian gular array {{ y ,a:#,zyj }J-T:l! }rea.

For a bxed value of T, our forecasting agert obseves the sequence {yr ’xff_,Z,j }}:1
sqquentially at ead forecast origin t = T# P+ 1,...T. Foreaastsof the salar yr t+1, 7 %1,
are generated usinga (k& 1,k = ki1 + ky) vedor of covariates zt 2 = (x#,l,tax#,ZZ,t)#' linear
parametric models a:’{i’t Bi,i = 1,2, and a combination of the two models O‘tz#,l,tﬂ!l +
@a# at)l’#,z,tﬂ!z- The parameters are estimated using OLS (Assumption 2) and hence
8i; = argmint’ 1/ o (yrjer # 2% 4.)%, i = 1,2, for the restricted and unrestricted
models, respectively. We denote the loss asciated with the 7-step ahead forecag errors
as 0f iy = (yraer # 0} 800% 0= 1,2, and 650y = (yraer # aend g By # (L#
at)x#&tézlt)z for the restricted, unredricted, and combined, respectively.

The following additi onal notation will be used. Let Ht ;(t) = (¢ 1 Jt:i TTjjuTj+1) =

(¢! Jt:i htij+1), Bri(t) = (¢ 1 ,tzi arijofi) toand B = limroe (Barjof) *
/| |
for i = 1,2. For Urj = (hf 55, vec(arajoh 5;)0% let V=" 111 ) #11), where # 13

3Clements and Hendry (1998) derive a similar result, for the combination of a forecast based on the
unconditional mean and a forecast based on an AR(1) model without intercept, the model assumed to
generate the data.



is the upper block-diagonal element of #, debred below. For any (m & n) matrix A with
elements qj; and column vectorsq;, let: vec(A) denotethe (mn & 1) vector [af,d}, ..., al]*
|A| denote the max norm; and ¢r(A) denote the trace. Let sup, = Supr p41: ¢+ T and let
' denote weak convergence Finally, we debne a variable sdection matrix and a coe'cie nt
vedor that appears directly in our key combination results: J = (Li,( k;, Oky( k)" and
5= (01 ks, B52)"

To derive our generalresults, we need two more assumptions (in additi on to our assimp-
tions (1 and 2) of a DGP with weak predictability and OLSPet mated linear forecasting

models).

. Wl . Wl
Assumption 3: (a) 7" ! J-['le] UrjUfw " r# where#| = limroe T * =1 E(Utj Ut 1)

for all 1 %0, (b) #11) = 0all | %7, (C) SUPT+ psrg1s T ElUTSI? < ( for someq > 1, (d)
Urj # EUtj = (W 5,1 vec(ar o) 2% 55 # Ear )% 5;))"is a zero meantriangular array

satisfying Theorem 3.2 of De Jong and Davidson (2000).
Assumption 4: For s) (1# Ap,1], (@) at' «(s)) [0,1], (b) limtee P/T = Ap ) (0,1).

Assumption 3 imposesthree types of conditi ons. First, in (a) and (c) we require that
th e observables, while not necesarily covariance stationary, are asymptotically meansquare
stationary with Pnite second moments. We do soin order to allow the observables to have
marginal distrib utionsthat vary as the weak predictive ability strengthens along with the
sanple size but are vell-behaved@enoughthat, for example, sanple averages convergein
probabilit y to the appropriate population means. Second, in (b) we imposethe restriction
that the 7-step aheadforecast errors are MA(7T # 1). We do soin order to emphasize the
role that weak predictor s have on forecasting with out alsointro ducing other forms of model
misspecibcation. Finally, in (d) we impose the high level assumption that, in particular,
ht2j+1 satisbes Theorem 3.2 of De Jong and Davidson (2000). By doing so we not only
insure (results neededin Appendix 1) that certain weighted partial sums converge weakly
to standard Brownian motion, but also allow ourselwes to take advantage of various results
pertaining to corvergencein distribution to stochadic integrals.

Our Pnal assimption is unique: we permit the combining weights to change with time.
In this way, we allow the forecaging agent to balance the bias-variance tradeo! di! erently
across time as the increasng sample size provides stronger evidence of predictive ability.

Finally, we imposethe requiremert that limrwe P/T = Ap ) (0,1) and hencethe duration



of forecasting is bnite but non-trivial.

2.3 Theor etical results on the tradeo!

Our characterization of the biasvariance tradeo! associated with weak predictability is
basedon ’ =7 pay (02 50, # 02, ), the dile rence in the (normalized) MSEs of the
unredricted and combined forecads. In Appendix 1, we provide a general characterization
of the tradeo!, in Theorem 1. But in the absenceof a closed form solution for the limitin g
distribution of the loss dilerential (the distribution provided in Appendix 1), we procedd
in this section to focus on the mean of this lossdi'e renti al.

From the generalcaseprovedin Appendix 1, we brst edablish the expeded value of the
lossdi! erertial, in the following corollary.
Corollary 1: g’ =1 per (0% 2y # 0% e * O11" o Béw (s) =
011.. o (L# (1# as))?)s" Hr((# JBLJ*+ By)V)ds#
011.. . a?(8)6"B, Y(# JB1J*+ Bo)B, dds.

This decomposition impli es that the biasvariance tradeo! depends on: (1) the duration
of forecaging (Ap), (2) the dimension of the parameter vectors (th rough the dimension of
0), (3) the magnitude of the predictive ability (as measired by quadratics of §), (4) the
forecad horizon (via V, the long-run variance of ht 2+1), and (5) the second moments of
the predictors (B; = limtoe (Eztitaf ;) b).

The brst term on the right-hand side of the deconposdtion can be interpreted as the
pure OwarianceQcortrib uti on to the meandilerence in the unresricted and combined MSEs.
The seond term can be interpreted as the pure ObasO contrib ution. Clearly, when § = 0
and thus there is no predictive ability associated with the predictors xt 22¢, the expected
di! erencein MSE is positive so long as a(s) = 0. Since the goal is to choose a(s) so
that 011.. », Eéw (s) is maximized, we immediately reach the intuiti ve conclusion that we
should always forecasd using the restricted model and hence se a(s) = 1. When § = 0O,
and hencethereis predictiv e ability associated with the predictors zt 22+, forecast accuracy
is maximized by combining the regricted and unredricted model forecass. The following
corollary provides the optimal combination weight. Note that, to simplify notation in the
presented reaults, from this point forward we omit the subscript T' from the predictors, so

that, e.g., x1 22t is simply denoted z25;.



Corollary 2: The pointwise optimal combining weights satisfy

1 2 . 34.
Lo ﬁgz(Eﬂfzz,thgz,t # Exzz,txft(Exl,tﬁ,t) lEﬂCl,tﬂfgz,t)ﬁzz
a(s)= 1+ s

tr((# JB1J"+ Byp)V) @

The optimal combinati on weight is derived by maximizing the argumerts of the integrals
in Corollary 1 that contribute to the average expected mean square di'e rential over the
durati on of forecasting N hence our Omintwise optimalO characterization of the weight. In

particular, the results of Corollary 2 follow from maximizing
A# (1# (s)®)s Ur((# JBLJ*+ Bo)V) # o?(s)6"B, {(# JB1J*+ By)B,'5  (5)

with resped to «(s) for ead s.
As is apparent from the formula in Corollary 2, the combining weight is decreasing in

the marginal Gignal to noiselrati o
8352 (Ex201 70 # Expdh (Ex1ay,) 1 Ex11755,) Bop/tr((# JBLJ*+ B)V).

As the marginal GignalO sf5,(Exoz 78, # Exzpiai ((Bx1iaf,) 1Ex112%,,) B0, increases,
we placemore weight on the unredricted model and lesson therestricted one. Conversely, as
the marginal OnaeOtr((# J B, J#+ B,)V), increases, we place more weight on the redricted
model and less on the unrestricted model. Finally, as forecaging moves forward in time
and the estimation sample (represented by s) increaes we place increasng weight on the
unredricted model.

In the spedal casein which the signalbtobnoiseatio equals 1, the optimal combination

weight is 1/2. That is, for a given time period s, when
# # # #\"1 # - #
$052(Exa2t0501 # Erograi(Er1127) ~Ex1125,1) B0 = tr((# JB1J"+ B2)V),  (6)

and hence the redricted and unrestricted models are expeded to be equally acairate,
a'(s) = 1/2.

A bit more algebra establishesth e determinants of the size of th e benebts to combination.
If we substitute o (s) into (5), we bnd that E¢j, (s) takes the easily interpretable form

tr((# JB1J#+ B)V)?

- . 7
s(sB852(Exaoraly # Exopiaf (Br1a,)" 1Ez1128,,) B + tr((# JB1J#+ Bp)V)) (7)

This simplibes even more in the conditionally homoskedastic casg in which tr((# JByJ*+
By)V) = o%ko. In either cas, it is clear that we expect the optimal combination to pro-

vide the mogt benebt when the marginal OpiseQyr((# JB1J#+ B,)V), is large or when
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the marginal GignalOsB5,(Exaz ity # Exgoiaf (Ex1i2,) 1Ex1178,,) B2y, is small. And
again, we obtain the reault that, asthe estimation sample grows, any benebtsfrom conmbi-
nation vanish as th e parameter estimates become increasingly accurate.

Note, however, that the term B3,(Exoo 2k, # Exoppah (Exygah,)" 1Ex1a8,,)Ba is @
function of the local-to-zero parameters (3,,. Moreover, note that these optimal combining
weights are not presented relative to an environment in which agerts are forecasting in
Oeal timeO. Therefore, for practical use, we suggest a transformed formula. Let B; and
P denote estimates of B; and V, respectively, basel on data through period ¢. If we let
TY29,, denote an estimate of the local-to-zero parameter 35, and set s = t/7", we obtain
the following real time estimate of the pointwise optimal combining weight: 4

! $ . ) .o
" / " " / " o " / " o ] 1
t&%%z(t Vol wmjady # (1Y (L) wjad ) Bu(t' Y (L] w1jady; ))922+_
tr((# JByJ#+ B,)P)

0; = #1+

(8)

In doing so, though, we adknowledgethat the parameer edi matesare not consistent for
the local-to-zero parameers on which our theoretical derivations (Corollary 2) are based.
The local-to-zeroasymptotics allow usto derive closedbbrm solutionsfor the optimal combi-
nation weights, but require knowledge of local-to-zero parameters that cannot be estimated
consigently. We therefore simply use rescaled OLS magnitu desto edimate (inconsistently )
the assuimed local-to-zero values and subsequert optimal combining weights. Below we
use Monte Carlo experiments and empirical examplesto determine whether the estimated
guantiti es perform well enough to be a valuable tool for forecading.

Conceptually, our proposed combination (8) might be seenas a variant of a Stein rule
edimator .> Wit h conditi onally homoskedastic, 1Dstg ahead forecast errors, the signakto-
noise ratio in our combination coe'c ient @; is the conventional F'Bstatistic for testing the
null of coe" cients of 0 on the z, variables With additi onal (and strong) assumptions
of normality and strict exogeneiy of the regres®rs, the F'Bstatistic has a nonbcatral F

distribution, with a meanthat is a linear function of the populati on signal-to-noise ratio.

Py / 7
“We egimate B; with B; = (t*! }il' Xi,j Xi.; )", where x; 1 is the vector of regresrs in the forecasting

model (supposing the MSE stati onarity asamed in the theoretical analysis). At a forecasthorizon (!) of one
period, we egimate V using ¥ = t*? J“il' i)‘f,j X2, x'zyj . At longer forecast horizons, we similarly compute
V with the Newey and West (1987) estimator (again, using the residual from the restricted model) and
2(! 1 1) lags. In all cases we use the restricted model residual in computing V, in light of the evidence
in such studies as Godfrey and Orme (2004) that imposing such restrictions improves the small sample
properties of heteroskedagicitybrobust variances.

SOur optimal, but infeasble, combining weights are closely related to the minimum-MSE egimator
provided in Theil (1971). Our results primarily diler in that we permit seially correlated and conditi onally
heteroskedasti c errors, and don® require stri ct exogenety of the regressors.



Based on that mean, the populationDlevel signal-to-noise ratio can be alternatively esti-
mated as F'-stati stic # 1. A combination forecag based on this estimate is exadly the same
as the forecad that would be obtained by applying corvertional Stein rule estimation to
the unredricted model.

This Stein rule result suggess an alternative esimate of the optimal combination co-
e" cient of with potentially better small sample properties. Specibcally basel on (i) the
equivalenceof the directly estimated signal-to-noiseratio and the conventional F-stati stic
result and (ii) the centering of the F' distribution at a linear transform of the population
signal-to-noise ratio, we might consider repladng the signal-to-noise ratio egimate in (8)
with the signal-to-noise ratio estimate less 1. However, under this edi mation approad,
the combination forecag could put a weight of more than 1 on the redricted model and
a negative weight on the unredricted. As a reault, we might consider a truncation that

bounds the weight between 0 and 1:

> ®  signal, 81
8 = 1+ maz 0, 2%y @)
noise
wherethe signal term isthe sameasthat in the basdine edi mator (8)). In light of potential

noise
concens about the small sample properties of the edimator (8), we include a forecast

combination based on (9) in our Monte Carlo and empiri cal analyses.

More generally, in cases in which the marginal predictive content of the x,, variables
is small or moded, a simple average forecast might be more acaurate than our proposel
edimated combinations based on (8) or (9). With g,, coe'cie nts sized such that the
redricted and unredricted models are nearly equally acaurate, the populationbleel optimal
combination weight will be closeto 1/2. As a reault, forecad accuracy could be enhanced
by imposng a combination weight of 1/2 instead of estimating it, in light of the potential
for noise in the combination coe" cient estimate. A parallel result is wellBkrown in the
nonbnesed combinati on literatu re: simple averagesare often more accuratethan estimated
optimal combinati ons

Our proposed combination (8) might also be expected to have some relationship to
Bayesian methods. In the very simple case of the exanple of section 2.1, the proposel
combination forecad corresponds to a forecad from an unrestricted model with Bayesian
pogerior mean coe"c ients estimated with a prior mean of 0 and variance proportional to

the signalbroise ratio.® More generally, our proposel combination could corregpond to the

5Specibcaly, using a prior variance of the signalbndse ratio times the OLS variance yields a posterior



Bayesian model averaging consideredin suc studies as Wright (2003), Koop and Potter
(2004), and Stock and Watson (2005). Indeed, in the scalarenvironmert of Stock and Wat-
son (2005), setting their weighti ng function to t-stat?/(1 + t-stat?) yields our combination
forecag. In the more general case, there may be some prior that makes a Bayesan average
of the restricted and unredricted forecasts similar to the combination forecag based on
(8). Note, howewer, that the underlying rationale for Bayedan averaging is quite di'e rent
from the combination rationale developed in this paper. Bayesian averaging is generally
founded on model uncertainty. In corntrad, our combination rationale is based on the biasb
variance tradeo! associated with parameter estimation error, in an environment without

model uncertainty.

3 Monte Carlo Evidence

We use Monte Carlo simulations of several multi variate data-generating processes to eval-
uate the bniteBDample performance of the combination methods described above. In these
experiments, the DGPs relate the predictand y to lagged y and lagged z, with the coe'-

cients on laggel = sd at various values Forecaasts of iy are generatedwith the combination
approadchesconsidered above. Performance is evaluated using simple summary statistic s of
the distribution of eat forecastOMSE: the average MSE across Monte Carlo draws and

the probability of equaling or beating the resricted modelOdorecag MSE.

3.1 Experiment design

In light of the considerable practi cal interes in the outbobsample predictabil ity of in3ation
(see, for example, Stock and Watson (1999, 2003), Atkesonand Ohanian (2001), Orphanides
and van Norden (2005), and Clark and McCradken (2006)), we present results for DGPs
basedon edimates of quarterly U.S. inRation models. In particular, we consider models
based on the relationship of the changein core PCE inf3ation to (1) lags of the change
in inRation and the output gap, (2) lags of the changein in3ation, the output gap, and
food and energy price inRation, and (3) lags of the change in inBation and bve common

business cycle factors, egimated as in Stock and Watson (2005).” We consider various

mean forecag equivalent to the combination forecad.

"See Section 4@ description of the applications for data details. The DGP coe" cients are based on
models estimated with quarterly data from 1961:Q1 through 2006Q2. For convenient scaling of the DGP
parameters, the common factors estimated from the data were multi plied by 10 prior to the estimation of
the regresson models underlying the DGP specibcations.
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combinations of foreasts from an unrestricted model that includesall variablesin the DGP
to forecasts from a redricted model that takes an AR form (that is, a model that drops
from the unredricted model all but the constart and lags of the dependent variable).

For each experiment, we conduct 10,000simulations. With quarterly data in mind, we
evaluate forecast acauracy over forecag periods of various lengths: P = 1, 20, 40, and 80.
In our baseline reaults, the size of the sample used to generate the prst (in time) forecast
at horizon 7 is 80# 7 + 1 (the edimation sample expands as forecasting moves forward in
time). In light of the potential for forecast combination to yield larger gains with smaller
model edimation samples, we also report sdected results for experiments in which the size
of the sample usad to generatethe brst (in time) forecast at horizon 7 is 40# 7+ 1.

The brst DGP, basedon the empirical relationship between the changein core inRation

($ yt) and the output gap (z1:), takesthe form

Sy = #4008y 1# 18Byr o # 098y 3# 048 yp 4+ brizip 1+ wt
= 115z1" 1 # .05c1¢ 2 # .20x1¢ 3+ 10
T1t wie L OSeae 2 # 20010 3+ vy (10)
var Ut _ 72
vy | .02 57

We consider experiments with two dile rerlt settings of by1, the z1 coe’cie nt, which cor-
responds to our theoretical construct $,,/ T. The baseline value of b3 is the one that,
in population, makesthe null and alternative models equally acaurate (in expedation, at
the 1Dsep aheadhorizon) in the brst forecast period, period T# P+ 2 N the value that
satisbes (6). Given the population momens implied by the DGP parameterization, this
value is b11 = .042. The second setting we consider is the empirical value: b1 = .10.

The seond DGP, basal on estimated relationships among inRation ($ ), the output

gap (z1t), and food and energy price inf3ation (x2t), takesthe form:

Sy = #H.ATSypr 1# 248y o # 158y 3 # 10S e 4+ braxaer 1+ borwogr 1+ booxor 2+ W
1t = 1151 1 # 05r1tr 2 # 2001t 3+ V1t (12)
xor = .06xy¢m 1+ A0roir 1+ 280040 3# 13w 4 + vt
$ ) $ )
Ut .62
var& p; + =& 03 57 +
Vot #.06 .06 .70

As with DGP 1, we consider experiments with two settings of the se of ; coe'cie nts,
which correspond to the elements of 3,,/ T. One setting is basel on empirical edi mates

b11 = .07,bp1 = .27, bp» = .10. We take asthe basdine experiment onein which all of these
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empirical valuesof the b coe'cie nts are multip lied by a constant less than one, such that,
in population, the null and alternati ve models are expected to be equaly acarate (at the
1Dst@ ahead horizon) in (the brst) forecast period T'# P+ 2. In our basdine experimerts,
this multip lying constant is .370.

The third DGP, basedon estimated relationships amonginfRation ($ y;) and bve busines

cycle factors edimated asin Stock and Watson (2005) (zi:,i = 1,...,5), takesthe form:
(o5]
$ yw = # .40$yt-- 1 H# .19$yt" 2 H# .10$yt" 3# .O4$yt-- 4t bilxi,t" 1+ u, var(ut) = .67
i=1
ot
Tit = aj zigm 1+ vig, 1= 1,...,5. (12)
i=1
As with DGPs 1 and 2, we consider experiments with two dile rent settings of the set
of bj coe'cie nts. One sdting is based on empirical estimates: b1; = .04, b1 = .09,
ba1 = .16, byy = .04, bs; = .088 We take as the basdine experiment one in which all of
theseempirical valuesof the b coe'cie nts are multipl ied by a constart lessthan one, sut
that, in population, the null and alternative models are expected to be equaly acaurate
(at the 1-gep horizon) in forecast period T'# P + 2. In our basdine experimerts, this

multip lying constant is .748.

3.2 Forecast appr oaches

Following practices common in the literatu re from which our applications are taken (see
e.g., Stock and Watson (2003)), direct multibstep forecads one and four steps ahead are

formed from various conbinati ons of egimates of the following forecading models

Y #H g = ot 1Syt 2By 1+ 638y 2+ 6aS yr 3+ Unee (13)

]
yt(ir)! # e

Yo+ V1S u + 1Sy 1+ Ve urr 2+ VaS Y 3+ Borant + uger, (14)

where yt('+). = (1/7)/ o1 Yt+s and yf?l $ y+1. In the actual inRation data underlying
the DGP spedbcation, yt(i)! corregponds to the averageannual rate of price increas from
period ¢ to t+ 7. Across DGPs 1-3, the vedor z22: consigs of, regectively, (1) (z1t), (2)
(211, 20, T2 1) and (3) (w11, w21, 231, Tag, T54)"

We examine the accuracy of forecasts from: (1) OLS estimates of the restricted model

(13); (2) OLS edimates of the unredricted model (14); (3) the OknownO optimal linear

8The coe" cients of the AR models for the factors are as follows, in order from lags1 to 4: factor 1: .81,
-.18, .19, -.19; factor 2: .80, -.05, .16, -.18; factor 3: -.36, .16, .22, .12; factor 4: .31, .08, .39, .01; and factor
5. .25, .15, .24, .05. The residual variancesof the bve factors are as follows, in order for factors 1 through
5: 6.36, 2.35, .92, 2.08, 1.62.
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combination of the redricted and unrestricted forecads, using the weight implied by egua-
tion (4) and population momerts implied by the DGP; (4) the estimated optimal linear
combination of the redricted and unredricted forecasts using the weight given in (8) and
edimated moments of the data; (5) the egdimated optimal linear combination using the
Stein rulebwariant weight given in (9); and (6) a simple average of the restricted and unre-
stricted forecads (as noted above, weights of 1/2 are optimal if the signal assciated with

the z variables equals th e noise, making the models equally accurate).

3.3 Simulat ion results

In our Monte Carlo comparison of methods, we primaril y baseour evaluation on average
MSEs over a range of forecag sanples. For simplicity, in presenting average MSEs, we
only report actual average MSEs for the restricted model (13). For all other forecasts, we
report the ratio of a forecagOsaverage MSE to the restricted modelOsaverage MSE. To
capture potential dile rencesin MSE distri butions, we also presert some evidenceon the

probabiliti es of equaling or beating the redri cted model.

3.3.1 Results for signal = noise experiments

We begin with the casein which the coe" cients b (elemerts of 3,,) on the lags of zj
(elemerts of x2,) in the DGPs (10)D(12)are sé such that, at the 1-step ahead horizon, the
regricted and unrestricted model forecastsfor period T'# P + 2 are expeded to be equally
acarate N because the signal and noise asscciated with the z;; variables are equalized
as of that period. In this sdti ng, the optimally combined forecad shoud, on average, be
more accurate than either the restricted or unredricted forecasts Note, however, that the
modelsare scaled to make only 1Dst@ aheadforecastsequally accurate. At the 4bsep ahead
forecag horizon, the restricted model may be more or lessacaurate than the unredricted,
depending on the DGP.

The average MSE reaults reported in Table 1 conbrm the theoretical impli cations. Con-
sider brst the 1bstepahead horizon. With all three DGPs, the ratio of the unredricted
modelOswverage MSE to the redr icted model OsiverageMSE is closeto 1.000for all forecast
sanples. At the 4-gep ahead horizon, for all DGPs the ratio of the unrestricted modelOs
average MSE to the restricted modelOsaverage MSE is generaly above 1.000. The unre-
stricted model fares especially poorly relative to the redricted in the case of DGP 3, in

which the unredricted model includes bve more variables than the restricted. In general,
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in all cases the MSE ratios for 4-dep aheadforecads from the unredricted model tend to
fall as P rises ref3ecting the increase in the predsion of the x coe'c ient (%) estimates
that occurs as forecadi ng movesforward in time and the model egi mation sample grows.

A combination of the restricted and unrestricted forecastshasa lower average M SE, with
the gains generaly increasingin the number of variables omitted from the redricted model
and the forecast horizon. At the 1BPstg@ horizon, using the known optimal combination
weight o4 yields P = 20 MSE ratios of .994, .983 and .974 for, respectively, DGPs 1, 2,
and 3. At the 4bsep horizon, the forecagd baseal on the known optimal combination weight
has P = 20 MSE ratios of .986,.962, and .973 for DGPs 1-3°

Not surprisingly, having to estimate the optimal combination weight tends to slightly
reduce the gains to combination. For example, in the caseof DGP 2 and P = 20, the
MSE rati o for the egi mated optimal combination forecast is .989, compared to .983for the
known optimal combination forecas. Using the Stein ruleblased adjustment to the optimal
combination estimate (based on equation (9)) has mixed consequences sometimes faring
a bit worsethan the directly estimated optimal combination forecast (baseal on equation
(8)) and sometimes a bit worse. To usethe same DGP 2 example, the P = 20 MSE ratio
for the Stein version of the egimated optimal combination is .990, compared to .989 for
the directly estimated optimal combination. Howewer, in the cas of 4-dep aheadforecasts
for DGP 3 with the P = 20 sanple, the MSE ratios of the known a{, edi mated 6{, and
Steinbadjsted é{ are, regpectively, .973,.991, and .985.

In the Table 1 experiments, the simple averageof theregricted and unrestricted forecads
is consistently a bit more acaurate than the estimated optimal combination forecast. For
example, for DGP 3 and the P = 20 forecag sample, the MSE ratio of the simple average
forecad is .974 for both 1Dste and 4D$ep ahead forecads, compared to the estimated
optimal combination forecastsOMSE rati os of .982 (1-step) and .991 (4-step). There are
two reasonsa simple average fares so well. First, with the DGPs parameterized to make
signal = noise for onebste ahead forecasts for period T'# P + 2, the theoretically optimal
combination weight is 1/2. Of course, asforecagin g moves forward in time, the th eoretically
optimal combination weight declines, becauseas more and more data becme available for

edimation, the signal-to-noise ratio rises (e.g., in the caseof DGP 3, the known optimal

®Compared to the restricted model, the gains to combination is a bit larger with DGP 2 than DGP 3.
However, consistent with our theory, when the combinati on forecastis compared to the unrestricted forecast,
the gains to combination are (considerably) larger for DGP 3 than DGP 2.
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weight for the forecast of the 80th observation in the prediction sample is about .33). But
the decline is gradual enowgh that only late in a long forecag sample would noticeable
di! erences emerge between the theoretically optimal combination forecast and the simple
average A seoond rean is that, in pradice, the optimal combinati on weight may not be
edimated with much predsion. As a reault, imposing a bxedweight of 1/2 is likely better

than tryi ng to egimate a weight that is not dramatically di'e rent from 1/2.

3.3.2 Results for signal > noise experiments

In DGPs with larger bjj (3,,) coe"c ients N spedbcally, coe'c ient values se to those
obtained from empiri cal estimates of inRation models N the signal asscciated with the zj
(x22) variables exceedsthe noise such that the unrestricted model is expected to be more
acaurate than the restricted model. In this setting, too, our asymptotic reaults imply the
optimal combination forecast should be more accurate than the unrestricted model forecad,
on average However, relative to the acauracy of the unrestricted model forecast, the gains
to combination shoud be smaller than in DGPs with smaller b coe'cie nts.

The reaults for DGPs 1D3reported in Table 2 conkrm these theoretical implications.
At the 1Dstepahead horizon, the unregricted modelOsaverage MSE is about 5-6 percent
lower than the regricted modelO$MSE in DGP 1 and 3 experiments and roughly 15 percent
lower in DGP 2 experimerts. At the 4bsep ahead horizon, the unrestricted model is more
acaurate than the restricted by about 12, 28, and 4 percent for DGPs 1, 2, and 3.

Combinati on using the known optimal combinati on weight «; improvesacaracy further,
more so for DGP 3 (for which the unredricted forecasting mode is larges) than DGPs 1
and 2 and more so for the 4bste ahead horizon than the 1-gep horizon. Consider, for
exarmple, the forecas sample P = 1. For DGP 2, the known optimal combination forecastOs
MSE ratios are .839 (1-step) and .716 (4-step), comparedto the unresricted forecas OMSE
rati os of, respediv ely, .845and .723. For DGP 3, the known optimal combination forecastOs
MSE ratios are .924 (1-step) and .919 (4-step), comparedto the unresricted forecas OMSE
rati os of, respedively, .947 and .971. Consistent with our theoretical results, the gainsto
combination seem to be larger under conditions that likely reduce parameter estimation
precision (more variables and residual seial correlation created by the multi-step forecast
horizon).

Similarly, the gains to combination (gains relative to the unrestricted model® forecast)

rise asthe estimation samplegets smaller. Table 3 reports results for the sameDGPsusedin
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Table 2, but for the casein which the initial egimation sampleis 40 obsevations instead of
80. With the smaller estimation sample,DGP 2 simulations yield known optimal combina-
tion MSE ratios of .882 (1-step) and .807 (4-step), compared to the unrestricted forecastOs
MSE ratios of, regpedively, .908 and .851. For DGP 3, the known optimal combination
forecag OsM SE rati os are .960 (1-step) and .959 (4-step), compared to the unredricted
forecag OSVISE ratios of, respedively, 1.064and 1.146.

Again, not surprisingly, having to edimate the optimal combination weight tends to
slightly reduce the gainsto combination. For instance, in Table 20sesults for caseDGP 2
and P = 1, the 4bsep ahead MSE ratio for the edimated optimal combination forecast is
.723, compared to .716 for the known optimal combination forecast. Using the Stein ruleb
based adjustment to the optimal combination egimate (basal on equation (9)) typically
reduces forecast accuracy a bit more (to a MSE ratio of .732 in the same example), but
not always N the adjustment often improves forecast acauracy with DGP 3 and a smalll
edimation sample (Table 3).

Imp osing simple equal weights in averaging the unrestricted and redricted model fore-
cads sometimes slightly improves upon the estimated optimal combination but other times
reducesaccuracy. In Table 20sesults for DGPs 1 and 2, the edi mated optimal combination
is always more acaurate than the simple average. For example, with DGP 2 and the 4-step
horizon, the P = 20 MSE ratio of the estimated optimal combination foreaast is .725, com-
pared to the simple averageforecag® MSE ratio of .767. But for DGP 3, the simple average
is often dlightly more acaurate than the estimated optimal combination. For instance, at
the 4-gep horizon and with P = 20, the optimal combination and simple average forecag
MSEs are, respedively, .928 and .919.

As theseresults sugges, the merits of imposing equal combination weights over estimat-
ing weights depend on how far the tru e optimal weight is from 1/2 (which depends on the
population size and precision of the model coe" cients) and the precision of the estimated
combination weight. In cases in which the known optimal weight is relatively closeto 1/2
(DGP 3, 1-dep forecad, Table 2), the simple average performs quite similarly to the known
optimal forecast, and better than the estimated optimal combination. In casesin which
the known optimal weight is far from 1/2 (DGP 2, 1-step forecad, Table 2), the simple
average is dominated by the known optimal forecast and, in turn, the estimated optimal

combination. Consistent with sud reasoning, reducing theinitial estimation sample gener-
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ally improvesthe acauracy of the simple averageforecad relative to the estimated optimal
combination. For example, Table 3 shows that, with DGP 2 and the 4-step horizon, the P
= 20 MSE ratio of the simple averageforecad is .789, compared to the estimated optimal
combination forecastOMSE ratio of .775(in Table 2, the corresponding bgures are .767 and
725).

3.3.3 Distributional results

In addition to helping to lower the average forecast MSE, combination of restricted and
unredricted forecads helps to tighten the distribution of relative accuracy N spedbcally,
the MSE relative to the MSE of the redricted model. The reaults in Table 4 indicate that
combination N especially simple averaging N often increases the probabilit y of equaling or
beating the MSE of the restricted model, often by more than it lowers average MSE (note
that, to conserve space the table omits results for DGP 1). For instance, with DGP 2
parameterized suc that signal = noise for forecasting 1-2ep aheadto period T# P+ 2, the
frequency with which the unrestri cted modelOdSE is lessthan or equal to the redricted
modelOIMISE is 472 percent for P = 20. The frequency with which the known optimal
combination forecastO$1SE is below the restricted modelOMSE is 57.4 percert. Alth ough
the estimated combination does not fare as well (probability of 51.4 percert), a simple
average fares even better, beating the MSE of the redricted model in 58.1 percent of the
simulations. Note also that, by this distributional metric, using the Stein variant of the
combination weight estimate often o! ers a material advantage over the direct approach to
edimatin g the combination weight. In the same example, the SteinBlased combination
forecag has a probability of 55.3 percent, compared to the 51.4 percent for the directly
edimated combination forecast.

By this probability metric, the simple average (and, to a lesse extent, the optimal
combination basal onthe Stein rule estimate) also fareswell in other experiments. Consider,
for example, the experiments with the signal > noise version of DGP 3, a forecag horizon
of 4 steps, and P = 20. In this case the probabilit y the unredricted model yields a MSE
less than or equal to the redri cted modelOMSE is 54.3 percent. The probabilit ies for the
edimated optimal combination, SteinBetimated optimal combination, and simple average
are, repectively, 629, 64.9, and 69.1 percent. Again, averaging, epecially simple averaging,

greatly improvesthe probabilit y of beating the accuracy of the regricted model forecad.
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4 Empirical Appl ications

To evaluate the empiri cal performanceof our proposedforecast methods compared to some
related alternati ves (described below), we consider the widely studied problem of forecasting
inBation with Philli ps curve models. In particular, we examine forecasts of quarterly core
PCE (U.S.) inZation. In light of the potential for the benebts of forecast combination
to rise as the number of variables and, in turn, overall parameter estimation impredsion
increases, we consider a range of applications, including between one and bve predictors
of core inRation. In a brst application, patterned on analysesin such studies as Stock
and Watson (1999, 2003), Orphanides and van Norden (2005), and Clark and McCracken
(2006), the unredricted forecasting model includeslagsof inRation and the output gap. In a
second application, the unrestricted forecagin g model is augmerted to include lags of food
and energy price inRation, following Gordon® (1998) approach of including supply shock
measures in the Phillips curve. In another s of applications, patterned on such studies
as Brave and Fisher (2004), Stock and Watson (2002, 2005), and Boivin and Ng (2005),
the unrestricted forecag model includes lags of inRation and 1, 2, 3, or 5 common business
cycle factors, estimated asin Stock and Watson (2005). This section proceedsby detailing
the data and forecasting models, desaibing some addition al forecast methods included for

comparison, and presenti ng the results.

4.1 Data and model details

InBation is measured in annualized percentage terms (as 400 times the log changein the
price index).1® The output gap is measuredas the log of real GDP less the log of CBOOs
edimate of potential GDP. Following Gordon (1998), the food and energy price inRation
variable is measired as overall PCE inf3ation lesscore PCE inf3ation. The common factors
are egimated with the principal componert approac of Stock and Watson (2002, 2005),
using a data se& of 127 monthly seies nearly identical to Stock and WatsonOg2005).11
Following the spedbcations of Stock and Watson (2005), we brst transformed the data for

stationarity, screened for outliers, and standardized the data, and then computed principal

Data on actual real GDP and the PCE price indexes are taken from the FAME database of the Federal
Resene Board of Governors. Data on the CBO® estimate of potential output are taken from the CBOG
website. The data usedto egimate businesscycle factors are from a variety of sources including FAME,
the ConferenceBoard, and the BEAG webste.

" pue to changesin data availability, in a few caseswe were unable to obtain conti nuous seriesfor variables
used by Stock and Watson (2005).
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componerts at the monthly frequency. Following Stock and Watson (2005) and Boivin and
Ng (2005), the factors are egimated recursively for each month of the forecas sanple,
applying the factor estimation algorithm to data through the given month. Quarterly data
on factors used in model edimation ending in quarter ¢ are withinBquarter averagesof
monthly factors estimated with data from the beginning of the sample through the last
month of quarter ¢

Following the basic approach of Stock and Watson (1999, 2003), among others, we treat
inBation as having a unit root, and forecast a measure of the direct multi-step changein
inBation asa function of lags of the changein quarterly inf3ation and lags of other variables
In particular, using the notation of the lag section, we make y the log di! erenceof the
guarterly core PCE price index (scaled by 400to make y an annualized percentage change);
$ y is then the changein quarterly in3ation. The predictand is yt(lr). # yt, Whereyt(i)! denotes
the average annual rate of price changefrom ¢ to ¢+ 7. The x variables denote the output
gap, relative food and energy price inf3ation, and the set of common factors included in
the model (with the number ranging from 1 to 5). The redricted model is autoregresive
N the multi-step change in inRation is a function of just lags of the onePgriod change
in inBation. The unrestricted model adds lags of = variables to the sd of regresors. In
particular, the competing forecaging models take the forms of section 40squations (13)
and (14). All models include four lags of the changein inRation ($ y). For the output gap
and the factors, the models use one lag. For foodbenergyin3ation, the modelsinclude two
lags.

The forecasting models are edimated with data starting in 1961:Q1. The parameters
of the forecasting models are re-estimated with added data as forecasting moves forward
throughtime (th at is, our forecasting schemeisthe soballed recursive). The forecast sanmple
is 1985:Q1 (1985:Q4 for fourbste ahead forecads) through 2006:Q2. We report results N

MSEs N for forecast horizons of one quarter and one year.

4.2 Addit ional forecast methods

Becauseour proposed forecag combination methods corregpond to a form of shrinkage for
comparison we supplement our results to include not only our proposed methods but also
some alternative shrinkage forecasts basal on Bayesian methods. Doan, Litterman, and
Sims (1984) suggest that corverntional Bayedan estimation (specibcally, the prior) provides

a Rexible method for balanding the tradeo! between signal and parameer estimation noise
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Accordingly, one alternati ve forecad is obtained from th e unrestri cted forecagi ng model
(for a given application) edi mated wit h generalizel ridgeregresson, which is similar to and
under some implementations identical to convertional BVAR estimation. Consistent with
the spirit of our proposeal combination approaces which try to limit the e! eds of sanpling
noisein thecoe"c ients of the z variables, the rid geedi mator pushesthe coe'cie nts onthex
variables toward zero by imposing informativ e prior variances on the asciated coe" ciernts
(note that the tightnessof the prior increaseswith the number of lagsof « included). The
ridge egimator allows very large variances on the coe'cie nts of the intercept and lagged
inBation terms. In the caseof the 1Dstg ahead model, our generalized ridge estimator is
exadly the same as the convertional Bayedan or BVAR egimator of Litterman (1986),
exoept that we use Rat priors on the intercept and lagged inRation terms.*? We apply the
same priors to the 4bstepaheadmodel (based on someexperimentation to ensure the prior
sdti ng worked well).

We report a seoond alternative forecad condructed by applying Bayesian model aver-
aging (BMA) to the restricted and unrestricted models, following the BMA approac of
Fernandez, Ley, and Sted (2001). In particular, we brst estimate the models imposing a
simple gbprior (but with a at prior on intercepts), and then averagethe models based on
pogterior probabilities calculated asin Fernandez, Ley, and Steel (2001). Based on WrightOs
(2003) bndings on forecasting inlRation with BMA methods, we se the gbprior coe"c ient
(g90; in the notation of Fernandez, et al., or 1/¢ in WrightOsnotation) at .20.

4.3 Results

In very broad terms, the results in Table 5 sean reasonably reRediv e of the overall literatu re
on forecaging U.S. in3ation in data since the mid-1980s: the variables included in the
unredricted model but not the regricted only sometimes improve forecast accuracy. Across
the 12 columns of Table 5 (covering six applicationsand two forecast horizons), theredricted
modelOdVISE is lower than the unrestricted model® in six cases sometimessdlightly (e.g.,
1byear aheadforecasts from the model with Pve factors) and someti mesdramatically (e.g.,
1byear aheadforecasts from the model with the output gap and foodbBenergyinf3ation).

Combining forecads with our proposed methods signibcantly improves upon the accu-

21n the notati on of Litterm an, we usethe following parameter settingsin determining the prior variances:
" = .2and #= .5. In some supplemental analysis, we veribedthat this genealized ridge forecastwas at leag
as good as a similar ridge forecag that shrinks all coe" cients, in line with conventional BVAR edimation.
Note that we describe the estimator as genaalized ridge rather than BVAR because,in the multi Bstep case,
the estimator is not a proper Bayesian estimator.
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racy of the unrestricted modelOdorecast, by enoughthat, in ead column, at least one of
th e averageforecags is more accurate than the resricted modelOgorecad. For every appli-
cation and horizon, our edi mated optimal combination forecag has a lower MSE than the
unredricted model. For example, in the thr ee factor application (lower block, middle), the
optimal combination forecast has a 1Dyar ahead MSE ratio of .791, while the unredricted
model has a MSE ratio of .879. Consistent with our theordical reaults, the advantage of
the combinati on forecast over the unredricted forecas tends to rise as the number of z
variables in the unredricted model increases (wit h the increase in the number of variables
tending to lower the signalbroise ratio) and asthe forecast horizon increases For example,
in the same (three factor) application, the 1Bbqiarter ahead MSE ratios of the unredricted
and optimal combination forecags are, respectively, .950 and .935N close together than
for the 1Dbyar ahead horizon. In the bve factor application, the 1Dyar ahead MSE ratios
of the unrestricted and optimal combination forecasts are 1.001and .834 N farther apart
than in the three factor application.

Estimatin g the optimal combination weight with our proposed Stein ruleBlased approach
yields a consistent, modest improvement in forecast acauracy. In all columns of Table 5, the
optimal combination forecast based on the Steinbetimated weight (9) hasalower MSE than
does the optimal combinati on based on the basdine approach (8). In the samethr ee factor
application, at the 1Dyar horizon the optimal combination based on the SteinDetimated
weight has a MSE ratio of .781, compared to the directly egimated optimal combination
forecags OMSE ratio of .791. With bwe factors and the 1byear horizon, the SteinDetimated
optimal combinati onO$ SE ratio is .807, while the directly estimated optimal combination
forecag OVISE ratio is .834.

In mog cases imposingequalweights in combining the restricted and unrestricted model
forecads further improves forecast acauracy, sometimes substanti ally. As a result, in many
ca®s the simple average forecast is the best forecag of all considered. For instance in
the output gap and foodbeergy infRation application, the 1byar ahead M SE ratios of the
simple averageand Steinbestimated combination forecasts are .871 (th e lowest among all
forecads) and 1.020, regpedively. In the application with two factors, the 1byar ahead
MSE ratios are .854 (again, the lowed among all forecasts) and .866 for, respeadively, the
simple average and Steinbeti mated combination forecasts. In some cass though, the

simple averageis only dlightly better than or worse than our proposed Stein rulebbasd

21



approach. For example, in the three factor application, the simple averageforecastO4byear
aheadMSE rati o is .782, compared to the SteinDetimated combinati on forecastO$/1SE rati o
of .781.

In these applications, our proposedcombinations clearly dominate Bayesian model av-
eraging and are generally about as good as or better than ridge regression.*® For example,
in the two factor application, the 1Dyar ahead MSE ratio is .866 for the Steinbestimated
combination, .854 for the simple average and .891 for the ridge regression forecast. In
the same application, though, the 1bquarter ahead MSE ratios are virtu ally identical, at
.953,.950, and .950, respectively. In the application with the output gap and foodbaergy
inBation as predictands, the 1Dbguarter ahead MSE ratios of the Stein-egimated, simple
average and ridge regression forecads are, respecively, 1.060,.983, and 1.032. Howewer,
in all caes the BMA foreast is less acaurate than the SteinBestimated combination and
simple averageforecads. For instance in the two factor application, the BMA forecad has
MSE ratios of .971 and .934 at the 1bquater and 1Dbyar ahead horizons (compared, e.g.,
to the Steinbes mated combination MSE ratios of .953 and .866).

5 Conclusion

As ref3ected in the principle of parsimony, when some variables are truly but weakly related
to the variable being forecast, having the addition al variables in the model may detract
from forecast acauracy, becauseof parameer egdimation error. Focusing on such casesof
weak predictability, we show that combining the forecasts of the parsimonious and larger
models can improve forecast accuracy. We brst derive, theoretically, the optimal combina-
tion weight and combination benebt. In the spedal case in which the coe'c ients on the
variables of interes are of a magnitude that makesthe restricted and unrestricted models
equally acaurate, the MSEPminimizing forecast is a simple, equallybweighted averageof the
redricted and unredricted forecads. A range of Monte Carlo experiments and empirical
examples shov our proposed approad of combining foreaasts from nested models to be

el edivein practice.

BOf course, it is possible that alternative specibcations of Bayesan/ri dge esimation and BMA could
improve upon those we have considered (although we did experiment with some alternatives, none of which
beat those for which we have reported results). At a minimum, though, our proposed combinati on approaches
would seen likely to at leag remain competiti ve with such alternative Bayesian approaches.
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6 Appendix 1: Theory Details

Note that, in the notation below, W (§ denotesa standard (k & 1) Brownian motion.

I L 0, .
Theorem 1: _ 1 .4 (0514 # Gy yhy) ™ a4 R Ew(s) =

{#2 o, als)sT W () VY 2(# JBLJ + Bo)VY 2dW (s)

+ 11_.. 10(1# (1L# as)D)s2W/(s)VY2(# JByJ + Ba)VY2W (s)ds}
+ Lo, o(8)8' By H(# T B + By)VY 2dW (s)

- 011_" L 02(s)sX0' By (# JBLJ' + Bo) By Y B VY 2W (s)ds

+ 11_‘.0) a(s)(L # ofs))s~28' By 1(# JByJ' + Bo)VY2W (s)ds}

+{# . a(s)?0' By (# JB1J + Bp)By*ids}.

Proof of Theorem 1: The proof is provided in two stages In the brst stage we provide

an asymptotic expansion In the semnd we apply a functional central limit theorem and a weak

convergence to stochastic integrals result, both from De Jong and Davidson (2000).
In the brst stagewe show that

=T Pl (67 2041 # OT wie1) (15)
= {#2 __ _ aTV2hy o0 )(# TBL + Bo)(TY 2Hr (1))
9 1
Tt @ (# a)?)(TVEHy o(0)(# JBL + Ba)(TY 2 Hr (1)}
97 /-1 / —12
+2{ # ad' By “(# JB1J" + Bo)(T™ 7 “ht 2t+1)
t=T—-P+1
h
+771 e P o28' By Y(# JB1J' + By) By JByJ (TY 2 Hy 5(t))
12T /-1 / 12
+T =T P41 Oét(l# at)é BZ (# JB1J + Bz)(T HT'Q(t))}
+{# 171! N a8’ By (# JB1J' + Bp)By 16} + op(1).
To do so brst note that straightf orward algelra revealsthat
9T <2 .o
t= T —P +1 (02,t+! # O t+1 ) (16)
_ T 12y / 1/2
= {#2 L a(TT hrpp )#TBA() T+ Ba(O) (T “Hr (1))
9 7
+T7 t=T—P+1 (1# (1# at)z)(Tll2H42(t))BZ(t)$T,2ytx/T,z,tBZ(t)(TllZHT,z(t))
9 7
#T0  of(TY R p(0) JBA()J wr 202 4 T Ba(t)J (T 2 Hy (1))
7 T 12 / Iy
#2T (=T P+l Oét(l# Oét)(T HT,Z(t))BZ(t)xT,Z,t‘IT,Z,t JBl(t)J (T HTyz(t))}
T
2{# & By () (# JB1(t)J + BT Y 2h1 2041)
9 1
T L a0 B 0)# TBu(t) T+ Ba(D)ar 207 o0 J Bi(t) T (TY 2 Hr (1))
9 1
T L a# a)d By (O(# JBu(t) ' + Ba(t)at 202 o Br 2()(TY 2 Hr 2(1)}
:
+{# 711 e pa1 o' By H(t)(# JB1(t)J' + Ba(t))at 202 o1 (# JB1(t)J' + Ba(t)) By *(t)d}.
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We must then show that ead bracketed term from (15) corresponds to that in (16). For brevity
we will shaw thisin detail only for the brst bradketed term. The second and third follow from similar

arguments.
Consider the brst bracketed term in (16). If we add and subtract # JB;J' + B, in the brst
componert, and rearrangeterms we obtain

9 1

#2 oIy )(# TBu() ]+ Ba(8)(TH 2 Hr o(1)

T

= #2 oI 500 )# TBL + Bo)(TY 2 Hy (1)

TP 12 —12;1 172 / /
#2T TP at[(T™ “Ht 5(1)) . (T77 “h7 o040 0)vec(T™ “[(# JB1(t) " + Ba(t)) # (# JB1J' + Bo))).

The brst right-hand sideterm isthe desired result. For the second right-hand sideterm brst note
that Assumptions 3 and 4 su” cefor eadh of a(t), T 2H} ,(t) and vec(TY 2[(# JBy(t)J' + Ba(t)) #
(# JB1J' + By)]) to convergeweakly. Applying Theorem 3.2 of de Jong and Davidson (2000) then

implies that the secondright-hand side term is o,(1) and the proof is complete.
For the second, third and fourth components of the brst bracketed term note that adding and
subtracting B,, By, B; and B! provides

- tT:T_M (L# (L# a)®)(TY 2 Hy (1) Bo(t) w1 2027 20 B2(t)(TY *Hr (1)) (17)
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9 7
T L o@# e (TY 2 Hy s(0)(Ba(t) # Bo)(ar 2007 50 # By )J(Ba(t) # B1)J'(TV 2 Hr o(1))
;
+771 TP ar(1# an)(TY 2HY H()(Ba(t) # Ba)(at 202k o0 # By 1) JB1J (TY 2 Hr o(1)).

Note that the weighted sum of the brst right-hand side term of eat of (17) B (19) gives us

9
T :-=T7P+l (L# (L# an)®)(TY 2 Hy (1)) B2(T 2 Hr o(t))

]
#T°0 @f(TYPHy o(0) JBLT (TY 2 Hr 2(1))

T
#2r 1 t=T—-P+1 o (1# at)(Tl/ZH{',z(t))JBlJ/(TUZHTvz(t))

T

9
= Tt (@ (L# e )TV H J(0)(# TBLT + Bo)(TY 2 Hr (1))

the secondright-hand sideterm in (15). We must therefore show that all of the remaining right-hand
sideterms in (17)-(19) are op(1). The proof of each is very similar. For example, taking the absolue
value of the bfth right-hand side term in (17) provides

9
Tt 00PNV 2H p(0) Bat) # Bo)wr ik o # By ) Balt) # Ba)(TV 2 Hr o(1)]

9
- k4(5ltJIOIT”ZHT,z(t)I)Z(SltJIOIBz(t)# Bol)(T* |7 2007 24 # By ).

t=T—P+1
Sinceassimptions 3 and 4 su"ce forT*ll o1 et lwT 20 50 # Byt = Op(1), sup |TY 2Hr o(1)] =
Op(1) and sup, | B2(t) # B2|= op(1) we obtain the desred result.

For the second stage of the proof we show that the expansionin (15) convergesin distribution
to the term provided in the Theorem. To do so recall that Assumption 4 implies a; ' «(s). Also,
Assumptions 3 (a) - (d) imply TY2Hy »(t) ' s VY 2W (s). Continuity then provides the desred
results for the se@nd contri bution to the brst bracketed term, for the secondand third contributions

to the second bradketed term and the third bradketed term.
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The remaining two cortri butions (the brst in each of the brst two bracketed terms), are each
weighted sums of increments ht 2+ . Consider the brst cortribution to the second bradketed term.
Since this increment satispes Assumption 3 (d) and has an asscciated long-run variance V, we can
apply Theorem 4.1 of De Jong and Davidson (2000) directly to obtain the dedred cornvergencein
distribution

9 7 1
&' By t# JB1J + Bo)(T Y 2hy o441 ) * q # o(s)0' By Y(# JB1J' + Bo)VY 24w (s).

t=T—P+1 1,

For the brst cortrib ution to the brst bradketed term additional care is needed. Again, since the
increments satisfy Assumption 3 (d) with long-run variance V' we can apply Theorem 4.1 of De Jong
and Davidson (2000) to obtain

9 7

#2 a5 )(# I BL + Ba)(TY 2 Hy (1))

* g#2 11 a(s)s W/ (s)VY2(# IBLJ + By)VY2dW (s) + &.
="p

Note the addition of the drift term &. To obtain the dedred result we must show that this term
is zero. A detailed proof is provided in Lemma A6 of Clark and McCradken (2005) b albeit under
the technical conditions provided in Hansen (1992) rather than those provided here. Rather than
repeat the proof we provide an intuitive argument. Note that Hry () = t1 ;1' ht2s+1. In
particular note the range of summation. Since Assumption 3 (b) maintains that the increments of
the stochagic integral ht 21+1 form an MA(7# 1) we bnd that ht 2+ IS uncorrelated with every
element of Ht »(t). Since & captures the contribution to the mean of the limiti ng distri bution due
to covariances between the increments ht >+ and the elements of Hy »(t) we know that & = 0 and
the proof is complete.

Proof of Corollary 1: First note that the assumptions, and notably Assumption 3 (c), su'c e
for uniform integrability of the dile rence in MSEs and hence the limit of the expedati on converges
to the expectation of the limit. Second,note that both the secnd bradketed term and the brst
componert of the brst bracketed term are zero mean and moreover, the third bracketed term is
nonstochadic. Taking expedations of the limit we then obtain

Y
EX{ L Sw ()}
Dy
= {0+ A# A # a(s)?)s 2E[W (s)VY2(# JBLJ + Bo)VY2W (s)]ds}
1-"p
B
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© 1
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1-"p
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- a#Q@# a(s))?)s rr((# JBLJ' + By)V)ds

# a?(s)0' By Y(# JB1J' + By) By dds.
1-"p

Proof of Corollary 2: We obtain our pointwise optimal combining weight by maximizing, for
eat bxed s, the argumert of the integral in Corollary 1. That is we choos a(s) to maximize

(L# (L# a(s)?)s Hr((# JB1J' + Ba)V) # o?(s)8' By *(# JB1J' + By)Byt6 (20)

Dileren tiati ng (20) with regped to « we obtain

FOC a : 2(# o(s))s Ytr((# JB1J' + Bo)V) # 20(s)d' By *(# JB1J' + By) By 1o
SOC a : #2s Yr((#JB1J + By)V)# 25’ By *(# JB1J' + By)By 6.

Setting the FOC to zero and solving for a(s) provides the formula from the Corollary. The SOC

is negative at this solution and we obtain the desired result.
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Table 1. Monte Carlo Results from Signal = Noise Exp eriments: Average M SEs
(for redricted model, average MSE; for other forecasts,
ratio of average MSE to restricted modelOsaverage MSE)

DGP 1
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80 | P=1 P=20 P=40 P=80
restricted 173 775 171 .764 818 .816 .808 .796
unrestricted 1.004 1.002  1.000 2998 | 1.029 1.011 1.006 .998
opt. combination: known ! | 995 994 .994 .993 995 .986 985 982
opt. combination: I'{ 999 .998 997 996 | 1.007  .996 993 989
opt. combination: Stein I'} 999 .998 .998 997 | 1.005 .996 .994 991
simple average .995 .994 .994 .993 992 .984 .983 981
DGP 2
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .678 .678 677 672 .635 .632 .627 .620
unrestricted 1.009 1.003 .999 2993 | 1.004 1.004 .996 983
opt. combination: known ! | 984 .983 .982 .980 .959 962 .960 .956
opt. combination: I'{ 992 .989 987 .984 972 974 971 964
opt. combination: Stein I'{ 993 990 .989 987 975 976 973 967
simple average .984 .982 .982 .980 .958 .960 .959 .956
DGP 3
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .780 .752 .47 .740 .843 .822 817 .805
unrestricted 1.012 1.009 1.003 994 | 1.058 1.050 1.037  1.020
opt. combination: known ! | 974 974 973 970 972 973 971 967
opt. combination: I'{ .983 .982 .980 .976 993 991 987 .980
opt. combination: Stein I'{ 985 983 981 978 987 985 983 978
simple average 974 974 973 .970 974 974 972 967

Notes:

1. DGPs 1b3are debndl in, respectively, equations (10), (11), and (12). In all experiments, the b;; coe! cients
are scaled such that the null and alternative models are (in population) expected to be equally accurate in the brst
forecast period. For DGP 1, b11 = .042. For DGP 2, b11 = .026,b21 = .100, b2 = .037. For DGP 3, b1 = .026,bp1 =
.06, b31 = .106,b41 = .026,b51 = .053.

2. The forecasting approaches are debned as follows. The restricted forecast is obtained from OLS estimates of the
model omitti ng = terms (equation (13)). The wunrestricted forecast is obtained from OLS estimates of the full model
(equation (14)). The opt. combination: known o forecast is computed as o} ! restricted + (1" oc%) ! unrestric ted,
with a; computed according to (4), using the known features of the DGP. The opt. combination: &, forecast is 655 !

restricted + (1" 6;) | unrestricted, with &, computed according to (8), using moments estimated from the data.
The opt. combination: Stein &) forecast is @, ! restricted + (1" &)) ! unrestricted, with &}, computed accordin g
to (9). Finally, the simple average forecast is .5! restricted + .5! unrestricted.

3. P debnesthe number of observations in the forecast sample. The size of the sample used to generate the prst (in
tim e) forecast at horizon 7 is 80" 7+ 1 (th e estimation sample expands as forecasting moves forward in time).

4. The table entri es are based on averages of forecast MSE s across 10,000 Monte Carlo simulations.
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Table 2. Monte Carlo Results from Signal > Noise Exp eriments: Average M SEs
(for redricted model, average MSE; for other forecasts,
ratio of average MSE to restricted modelOsaverage MSE)

DGP 1
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .813 .813 .809 .802 .958 .955 .946 .932
unrestricted .955 .954 .953 .950 .898 .882 .878 871
opt. combination: known ! | 952 .952 951 949 | 889  .875 872 .867
opt. combination: I'{ 957 .955 .954 .952 .895 .881 878 872
opt. combination: Stein I'{ 960  .958 957 954 | 903  .888 .884 877
simple average .959 .959 .958 .958 .896 .890 .889 .887
DGP 2
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted 811 .805 .803 .798 967 .948 .940 .929
unrestricted .845 .845 .841 .837 723 729 724 714
opt. combination: known !{ | .839  .840 .837 834 | 716 721 718 .710
opt. combination: I'{ 843 .843 .840 836 | 723 725 722 713
opt. combination: Stein I'{ 847 .845 .841 837 | 732 732 728 718
simple average .865 .866 .866 .865 765 767 767 .764
DGP 3
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .834 .803 .798 .790 .968 .942 934 921
unrestricted 947 .944 .939 931 971 .966 .956 .940
opt. combination: known ! { 924 .924 .922 918 .919 .920 917 .910
opt. combination: I'{ .930 .928 .926 921 .929 .928 .923 915
opt. combination: Stein I'{ 936 .932 929 924 | 935 932 928 920
simple average 928 927 927 .925 918 919 917 913

Notes:

1. DGPs 1EB are debned in, respectively, equations (10), (11), and (12).

For DGP 1, b11

bi1 = .07,b21 = .27,bp2 = .10. For DGP 3, b11 = .04,b21 = .09,b31 = .16,b41 = .04,b51 = .08.

2. Seethe notes to Table 1.
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Table 3. Signal > Noise Exp eriments with Small Estimation Sample: Average MSE s
(for redricted model, average MSE; for other forecasts,
ratio of average MSE to restricted modelOsaverage MSE)

DGP 1
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .854 .853 .839 823 | 1.061 1.023 .998 .966
unrestricted .988 970 964 .958 970 938 918 .900
opt. combination: known ! | 971 .961 957 954 925 909 .897 .886
opt. combination: I'{ 978 967 962 .958 924 913 902 .891
opt. combination: Stein I'f .980 971 967 962 925 919 909 .898
simple average .968 .962 961 .959 .908 .902 .897 .894
DGP 2
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .876 .852 .837 820 | 1.071  1.024 .998 .970
unrestricted .908 .882 .868 .855 .851 .801 175 .749
opt. combination: known ! | .882 .865 .856 .847 .807 173 .755 .736
opt. combination: I'{ .888 .870 .860 .850 .804 175 .758 741
opt. combination: Stein I'{ .896 .878 .866 .854 .819 791 773 751
simple average .886 877 .873 .870 .807 .789 782 775
DGP 3
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
restricted .841 .837 827 812 | 1.022  1.009 .988 .960
unrestricted 1.064 1.019 993 967 | 1.146 1.087  1.047 1.002
opt. combination: known ! | .960 .950 941 932 .959 .952 .943 .929
opt. combination: I'{ .980 .963 951 939 994 976 961 .942
opt. combination: Stein I'{ 972 .962 953 942 968 962 953 .940
simple average 957 .947 .940 934 .964 951 941 .929

Notes:

1. DGPs 1EB are debned in, respectively, equations (10), (11), and (12). For DGP 1, b11; = .042. For DGP 2,
bi1 = .07,b21 = .27,b22 = .10. For DGP 3, b11 = .04,b21 = .09,b31 = .16,b41 = .04,b51 = .08.

2. P debnesthe number of observations in the forecast sample. The size of the sample used to generate the brst (in
tim e) forecast at horizon 7 is 40" 7+ 1 (rather than 80" 7+ 1 asin the baseline experiments).

3. Seethe notes to Table 1.
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Table 4: Mon te Carlo Probfi\bil iti es of Equaling
or Beati ng Restricted M odelOsM SE, DGPs 2 and 3

DGP 2: signal = noise
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
unrestricted .501 AT72 483 .b24 .509 .495 .493 .525
opt. combination: known ! | 521 574 627 .698 .535 .576 .600 .660
opt. combination: I'} .b15 514 .547 .613 .530 .b38 .554 .605
opt. combination: Stein I'{ .642 .553 .554 .592 .646 .h97 579 .601
simple average .21 .081 .639 727 .539 .593 .628 .706
DGP 2: signal > noise
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80|P=1 P=20 P=40 P=80
unrestricted .b57 .803 901 977 .589 785 .869 951
opt. combination: known ! | 567 834 .926 986 | .600  .810 .893 963
opt. combination: I'{ 570 .843 .935 .989 .609 .836 916 975
opt. combination: Stein I'{ 574 849 .939 990 | 618  .844 921 977
simple average .598 921 .980 .999 .635 .900 .965 .995
DGP 3: signal = noise
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
unrestricted 497 461 AT73 .519 481 424 412 A17
opt. combination: known ! | 524 .609 .652 736 | .521 .564 590 .642
opt. combination: I'{ 517549 .584 .670 | .505 .506 513 555
opt. combination: Stein I'{ .608  .564 .583 .664 | .614  .554 .540 .562
simple average .b24 .616 671 770 b17 .b56 .b87 .653
DGP 3: signal > noise
horizon = 1 horizon = 4
met hod/mo del P=1 P=20 P=40 P=80| P=1 P=20 P=40 P=80
unrestricted 521 621 .684 .796 512 .543 b7l .648
opt. combination: known ! | 541 715 794 .899 .540 .644 .696 .786
opt. combination: I'{ .539 .702 .78 .890 .b37 .629 677 173
opt. combination: Stein I'{ .568 .710 791 .900 .b87 .649 .688 T87
simple average .b54 779 .867 .955 .552 .691 758 .861

Notes:

1. Thetable entrie s are frequencies (p ercentagesof 10,000 Monte Carlo simulatio ns) with which each forecast approach
yield s a forecast MSE lessthan or equal to the restricted model@ MSE.

2. Seethe notes to Tables 1 and 2.
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Table 5. Application Results: 1985-2006 Forecasts of Core PCE Inf3ati on
(RMSE for restricted forecast, and MSE ratios for other forecasts)

outp ut gap outp ut gap & 1 factor
food-energy inlRation
met hod/m odel 1Q 1y 1Q 1y 1Q 1y
restricted .632 516 .632 .516 .632 .516
unrestricted 980 1.044 1.150 1.380 979  1.034
opt. combination: I'{ 976 .990 1.073 1.081 977 .986
opt. combination: Stein I'{ 976 984 1.060 1.020 977 978
simple average 973 906 .983 871 977 .950
Ridge regression 978  1.018 1.032 1.135 .976 .976
BMA 1995  1.006 1.085 1.155 999  1.024
2 factors 3 factors 5 factors
met hod/m odel 1Q 1y 1Q 1y 1Q N
restricted .632 516 .632 .016 .632 .016
unrestricted 965 971 .950 .879 1.136  1.001
opt. combination: I'{ 954 879 935 791 1.040  .834
opt. combination: Stein I'{ 953  .866 934 781 1.021 .807
simple average 950  .854 .936 782 .963 794
Ridge regression 950 891 933 .807 .955 .815
BMA 971 934 .954 .846 1.065 .914

Notes:

1. The forecasting models take the forms given in equations (13) and (14). In the brst application, the unrestrict ed
model includes just one lag of the output gap, debned as the log ratio of actual GDP to the CBO Osestimate of
potential GDP. In the secand appli cation, the unrestricte d model includes one lag of the output gap and two lags of
relativ e food and energy price inf3ation, calculated as overall PCE inf3ation less core PCE inf3ation. In the remaining
application s, th e unrestri cted model includes one lag of common businesscycle factors N wit h the number of factors
varying from 1 to 5 across applications N estimated as in Stock and Watson (2005).

2. The brst six forecast approaches are debned in the notes to Table 1. The BMA forecast is a Bayesian average of
the forecasts from the restricted and unrestric ted models, implemented with the averaging approach recommended by
Fernandez, Ley, and Steel (2001), with the di"ere nce that these results are based on a gbprior coelcie nt setting of
1/5. The Ridge regression forecast is obtained from a generalized rid ge estimator which shrinks the (322 coe! cients
(but not the other coelc ients) of the unrestricte d model toward 0 based on conventional Minn esota prior settin gs
described in section 4.2.
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